Inflation at the maxima of symmetric potentials 



G. German"^ and A. de la Macorra''^ 

" Centre de Ciencias Fisicas, UNAM 
Apdo. Postal 48-3, 62251 Cuernavaca, Morelos, Mexico 
^ Instituto de Fisica, UNAM 
Apdo. Postal 20-364, 01000 Mexico D.F., Mexico 

ABSTRACT 

We construct a two-stage inflationary model which can accommodate early inflation at a scale 
Ai as well as a second stage of inflation at A2 with a single scalar field (p. We use a symmetric 
potential, valid in a frictionless world, in which the two inflationary periods have exactly the 
same scale, i.e. Ai = A2. However, we see today Ai ^ A2 due to the friction terms (expansion 
of the universe and interaction with matter). These type of models can be motivated from 
supergravity. Inflation occurs close to the maxima of the potential. As a consequence both 
inflations are necessarily finite. This opens the interesting possibility that the second inflation 
has already or is about to end. A first inflation is produced when fluctuations displace the 
inflaton field from its higher maximum rolling down the potential as in new inflation. Instead 
of rolling towards a global minimum the inflaton approaches a lower maximum where a second 
inflation takes place. 
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1 Introduction 



The idea that the universe underwent an early inflationary expansion is now widely accepted 
pp. This era of inflation makes plausible certain initial conditions for standard cosmology and 
provides a mechanism for structure formation. More speculatively the idea that the universe 
is at present undergoing inflation (usually denoted by the term quintessence) is the subject of 
much current interest 0. Several models have been proposed where typically the potential 
energy of a scalar fleld, in general different from the one producing early inflation, is dominating 
the dynamics of the universe. Usually the potential is an inverse power of the field decreasing 
monotonically towards zero. In the present work we are interested in studying a model which 
accommodates two stages of inflation by the evolution of a single scalar fleld [H]. Here, however, 
we look at the possibility that both inflations are produced when the inflaton is close to the 
maxima of the potential. The fact that both inflations occur at the maxima implies that they are 
necessarily finite. This opens the interesting possibility where the second inflation has already 
or is about to end. This possibility is not ruled out by existing data and could be testable with 
far more, higher accuracy, supernovae on the Hubble diagram 4 . 

We take the position that inflation occurs not only at the maxima of the potential but also 
that these two stages of inflation, the initial and the present day, have the same value V{Mi) = 
V{M2)- Where Mi and M2 denote the first and second maxima of the potential, respectively. 
The reason why we see today V{Mi) ^ V{M2) is due to the existence of friction terms. The 
friction terms are given by the expansion of the universe and by the interaction of the inflaton 
field with matter. 

In what follows we develop this idea by using an analogy with a problem from classical mechanics. 
We discuss a simple toy model illustrating the main points. The resulting potential, when 
rewritten for the infiaton, could also be obtained from supergravity (see Appendix). 
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Figure 1: The potential energy U{x) of a particle in classical mechanics. In the absence of 
friction if we leave the particle at the point A with vanishing velocity it will eventually reach 
B, with U{A) = U{B), also with vanishing velocity. In the limit when A Mi it will take an 
infinite amount of time for the particle to reach B M2 ■ 



1 



Let us consider a potential U{x) as shown in Fig. ^ When there is no friction the equation of 
motion for a particle of mass m = 1 is given by 



i + U'{x) = (1) 

where x = dx/dt and U' = dU/dx. The conserved quantity of eq.(^ is just the energy E = 
x'^/2 + U{x). We study the problem of a particle that leaves with vanishing velocity somewhere 
from the left of the minimum, let us say A and reaches a maximum height B some time later 
with U{A) = U{B) = E. If we fix the origin of time at the minimum of U{x) then the particle 
leaves A in the past reaching B sometime in the future. As A becomes close to the maximum 
at Ml the particle spends longer close to the maxima. In the limit when A Mi it takes an 
infinite amount of time for the particle to reach M2. The particle would spend most of the time 
leaving Mi and trying to reach M2. As a result the kinetic energy is negligible close to the 
maxima; the potential energy dominates. We call this the limiting solution. The maximum at 
Ml is located at x = thus we require x{t = —00) = and x(t = +00) locates the maximum at 
M2. As a concrete example let us consider the potential 

U{x) = Ecos'^ix). (2) 

It is easy to check that the limiting solution is 

x(t) = (2 arctan[tanh(t^)] + (3) 

where x(t = —00) = 0, x{t = +00) = vr and x(t = —00) = x{t = +00) = 0. The potential U{x) 
is already illustrated in Fig. ^ If we could lower the r.h.s. branch of this potential we could 
use this mechanical problem as an analogy to construct a model with two stages of inflation. 
Actually this can be done as follows. Instead of the symmetric potential U{x) let us consider 
a new potential V{x), which we call the asymmetric potential, illustrated in Fig. [2 Now the 
maximum at M2 is much smaller than the maximum at Mi. It is clear that we need a friction 
term in the corresponding Eq.(^ to stop the particle precisely at M2. Instead of eq.(CQ) we would 
have 

x + c± + V'{x) = 0. (4) 

Eq.© is similar to eq.(^ if we replace U{x) by the "potential" U'{t) = V'{x) + cx. Furthermore, 
eq.0 gives a conserved quantity E = x^ /2+U{t) where U (t) = V{x)+ J^, cxdx = V{x)+ cx^dt 
since E = x{x + cx + V'{x)) = 0. Notice that E is in general not the energy since at a given 
point (t,x(t)) it depends on the history of the trajectory trough the integral cx^dt in U (t) and 
only in the case c = (i.e. no friction) E is the conserved energy. However, since E is conserved 
even for c / one has a maximum of the potential U{ti) = U{tf) at x{ti) = x{tf) = 0, i.e. the 
height of the potential is the same, and the two maximum values of the potential V{x) are then 
given by 

V{xi) = U{ti) V{xf) = U{tf) - [ ^ cxdx. (5) 
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For J^^ cxdx > we can easily have V{xf) <^ V{xi) = U{ti) = U{tf). Using the conservation 
of E we can write the friction term in the following equivalent forms 

/ cxdx = j cx^dt = [ c2{E - U)dt. (6) 

J Xi Jti Jti 

If we use the potential in eq.Q we can integrate the friction term giving cxdx = c^/2E{cos{xi) — 
cos{xf)) and taking Xi = 0,Xf = tt the potential at the second maximum is V{xf) = U{tf) — 
2cV2E = E — 2c\j2E which is smaller than Vixj) = E. The limiting solution eq.© solves 
eqs.(^ and @ and imposing this solution to the potential V{x) determines the friction term or 
equivalently if we know the friction term we can determine the energy scale at the maxima with 
M2 <C Ml where the particle stops. 
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Figure 2: A particle leaves the maximum at Mi with vanishing velocity. It will just reach M2 
also with vanishing velocity if there is a friction term which stops the particle precisely at M2 . 

In inflationary models of the "new" type one typically starts with a very flat potential and 
inflation occurs close to the maximum at i;^ = 0, where (j) is the inflaton field. There could be a 
previous "primordial" stage of inflation probably of the chaotic type setting the initial conditions 
for new inflation. For simplicity in what follows we will call this new inflationary epoch a first 
stage or simply first inflation characterized by a scale Ai. This scenario is illustrated in Fig. |21 
with x{t) — > (t){t). Here we study the possibility of a second stage of inflation at a scale A2(t2)) 
where A2(t2) *C Ai(fi). The mechanical analogy indicates that the second inflation will occur 
also close to a maximum. 

The value of the potential at the second inflationary period t2 from a symmetric point of view is 
exactly the same as that of the first inflationary epoch at ti, i.e. U{ti) = U{t2), but because we 
live in a asymmetric world (a world with friction terms) we see that V{t2) = A^ <C V{ti) = Af. 
We propose that it is only due to the dynamics including friction terms that we are now seeing 
a very small inflationary scale compared to the first one. 
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2 The Cosmological Model 



The inflaton field equation of motion and Friedman's equation are, as usual, given by 

4> + 3H<j) + V'{(P) = 0, (7) 

3H^ = p, (8) 

where we have set the reduced Planck mass M = 2.44 x lO^^GeV to unity and p is the total 
energy density and we are considering a flat universe and an homogenous scalar inflaton field. 
In analogy with eq.(Il} we will assume a symmetric potential U{t) such that U{ti) = U{tf) at 
<j){ti) = <j){tf) == 0. ^From eq. and U'{t) = 3H(p + V'{(t>) one has 

U{t) = V{(j)) + 3i/(/># = V{(j)) + f 3H^'^dt (9) 

where the integration constant has been fixed by demanding Vi = Ui and we have used d(j) = (j)dt. 
From eq.Q we can define a conserved quantity Efj, = + U{t), with = + 3H(j) + 
y(0)) = 0, and at the points (pita) = one has the maximum of the potential U{ta)- The 
derivative of is ^ 

H=--{<j)^+Pa{l + Wa)) (10) 

where we have assumed p = p^ + Pa with p^ = 0^/2 + and pa is the energy density of 

matter or radiation. From ea. HlOf) the friction term gives 

3H^d(t) = - f 3{2HH + Hpa{l + Wa))dt = 3AH^ - Apa (11) 

with dH'^/dt = 2HH, pa = -3Hpa{l + Wa) and AH"^ = Hf - H'^{t) > 0, Apa = pai - pa{t) > 0. 
At the second stage of inflation the potential is simply given by 

V{t2) = U{t2) - 1 3H^'^dt = V{t{) - 3AF2 + Apa (12) 

Jti 

where we have used in the last equality that U{t2) = U{ti) = V{ti). Of course ea. H12() is 
self-consistent and it is no surprise since 3AH^ — Apa ~ V{ti) — ^^(^2) for inflationary epochs 
where Ek{ti) <C V{ti),i = 1,2. The new point of view is that ea. 1)12(1 predicts a second stage 
of inflation at a much lower scale (seen from our asymmetric world) and that the value of this 
scale can be determined by the scale of the first inflationary period and the friction term. 



2.1 A Toy Model 

Let us now study a toy model in the absence of matter or radiation. This model is unrealistic for 
the reasons given at the end of the section, however, we believe the model illustrates in a very 
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simple way the main points raised in this work. We take the ansatz for the symmetric potential 
as U = A -\- Bcos'^[a(j)\ with A, B > and a constants to be determined. The period for (p is 
taken as < a(j) < it with (j){ti = —oo) = and (/>(tj = oo) = vr/a. The maxima of the potential 
are at (plU) = 0, acl){tf) = vr, where (/'(tj) = 4>{tf) = 0, fixing A + B = Af we can determine H 
and H giving 

H = -^'^/2 = -Bsiii^lacp] (13) 
^ ^ 1 ^(l + cosM) + 2i? 
2^/3 VATB 

The integration constant in H is fixed by demanding that at ti we have U{ti) = V{ti) = 3H'^(ti) 
since <;/>(ti) = 0. The resulting potential is then simply given hy V = 3H^ + H. By imposing that 
the minimum of the potential V is zero, i.e. V >0, and defining the scale at = oo as V{tf) = 
A2 we can determine the constants A, B, a in terms of Ai, A2 giving A = Af (A^ — A^), B = Af A^ 
and a = \/6AiA2/(Af - A2). In terms of these scales one has U = Af{l - (A2/Af) sin^[a(/)]) and 



1 Af-Ai / AiA2a {t + ta 
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-2H = \/2AiA2 sin[a0] (16) 
V = i(A?-Ai + (A? + Ai)cosM)2 (17) 

H = ^{Al + Al + {Al-Al)cos[a4>]). (18) 

In Fig. 13] we show the symmetric potential U{t), the asymmetric potential V{(j)) as well as the 
acceleration of the scale factor of the universe d/a = H^+H as functions of 4>{t). The initial time 
is taken at the origin cj){ti = —00) = with the maximum of the potential ^(0) = C/(0) = A\ 
and in the limiting solution ea. (fT3|) one has at = 00, a(j) = vr and V {t f) = A2 <^U{tf) = A\. 
The acceleration of the universe is positive around the maxima of the potential. Notice also in 
Fig El the cyclic nature of the potential U and V . 

In a more realistic situation the inflaton leaves not from the maximum at Ai but from a slightly 
displaced position. The potential is shown in Fig. |31 A mechanism setting the field away from 
the maximum at = is provided by its fluctuations. We have that 

Depending on the initial conditions the scalar field approaches A2 ending in oscillations around 
one of the minima. The time evolution of (p and state parameter w = p/ p illustrated in Fig. |1] 
correspond to a field which is unable to reach the maximum at A2 ending in oscillations around 
the first minimum. For a larger initial kinetic energy the field would be able to overcome the 
maximum at A2 ending at the second minimum. The beginning and duration of the second 
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Figure 3: We show U{t), and the acceleration d/a = + H as a function of 4> (dotted, 
sohd and dashed hnes, respectively). Notice that U has symmetric maxima while V develops a 
smaller maximum at A2 with acf) = tt. Acceleration occurs around the maxima of the potential. 




Figure 4: The inflaton leaves from close to Ai where it has been displaced due to its fluctuations 
S(l) ^ H{t -oo)/27r « Af/27r\/3. After some time it approaches the second maximum at A2 
ending in oscillations around the minimum of the potential. 
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inflation depend on the initial conditions with which the universe was prepared. We believe this 
example illustrates in a simple way the main points raised in this work. However it is not realistic 
for several reasons: one can easily show that the end of inflation gives H{tf.nd) ~ ^ which is 
a very low value for a realistic A2. This could be ameliorated by relaxing the condition that 
the potential vanishes at the minima. For a negative potential at the minima there could also 
be a second inflation followed by a big crunch. Also there should be a mechanism of particle 
production at the end of the first inflation. This has been originally discussed in terms of 
gravitational particle production [Hj and subsequently criticized jSj as an inefficient mechanism. 
A more efficient one being preheating fSl, where another scalar field is used to reheat the universe. 
It is also possible to invoke the action of a curvaton field to produce the reheating of the universe 
while the infiaton is in charge of inflation only 



3 Conclusions 

We have studied a model of inflation which can accommodate two inflationary eras. We use 
a symmetric potential, valid in a frictionless world, in which the two inflationary periods have 
exactly the same scale. However, we see in our world a second stage of inflation with a much 
smaller energy scale as the first one due to friction terms (expansion of the universe and inter- 
action with other fields). Both stages of inflation are derived by the potential energy of a single 
scalar field. The new feature is that inflation occurs close to the maxima of the potential where 
the kinetic energy is negligible. As a consequence both inflations are of finite duration. It is 
then possible that the second infiation has already or is about to end which should be testable 
by substantially increasing the number and accuracy of supernovae on the Hubble diagram. We 
show an explicit example using a toy model. This model is not realistic but nicely illustrates 
the main ideas presented in this work. In the limiting solution, the scalar field takes an infinite 
amount of time to reach the second, smaller, maximum. In a more realistic case the scalar field is 
displaced from the higher maximum by its fluctuations ending in oscillations around a minimum 
of the potential. Finally, we have been able to show that a potential of the type Ea. H17|) could 
be derived from supergravity. In supergravity the only natural scale is the Planck scale and 
there are arguments to explain the origin of the first scale of inflation jSj while the second stage 
of inflation is derived from the first one by considering friction terms. 

Appendix 

Let us consider the supergravity potential for one chiral superfield with scalar component z and without 
D-terms [H] 

V = e''[F*{K,,,)-^F-i\W?], (20) 
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where F = ^ + (||) K^^, = The reduced Planck mass M - 2.4 x 10^^ GeV has been 

set equal to one. The superpotential and Kahler potential denoted W and K respectively. Here we are 
interested in models where W and K are given by polynomial expressions such asW = a,nz", and 

K — X^i^i bn{zz*)" where a„ and &„ are real coefficients. In general this structure leads to expressions 
that contain cos-form potentials for the angular field (f> which is a real field defined from z in the following 
way z — xe*"^. By using the above ansatze for the superpotential and Kahler potential, it is straightforward 
to show that the supergravity potential can be written in the form 



a„a™z"0*™, (21) 



where Ki denote the sums Ki = ^^^inhnizz*)"^ and K2 = J2'^=i^^^n{zz*)'^ . Let us now insert the 
radial and angular fields z = xe*"^ in ea. l21|l . The potential is then given by jn| 



^-"EE 

n— m— 



OC OC 

f ^^ _l_ U -. W TTO ^ U -. \ 

n+m 



{n + Ki){m + Ki) 



a„a„x"+'"cos[(n-m)(/.], (22) 



It is easy to show that Ea. (|22|l can give rise to potentials of the type Ea. (|17|l . Let us write the superpo- 
tential and Kaler potential in the form W = uq + aiz + a2z'^ and K — zz* = x^- Assuming that the x 
field has relaxed to its v.e.v., xo and eliminating e.g., ai we get 

y(0) =C1(C2+COS[0])2, (23) 

where ci = '2e^''Xoy/iXo ~ 1)^002 and 



^ _ iixl - 2)ao + ixt + 2)q2) V(X^ - 3)ag - 2x^(x^ - l)aoa2 + xUxt + xl + 4)ai .^4) 
v/(xfi - 2)2ai^ - 2(xE; - 2x^ + 2x^ + 2)aoa2 + (x^ + 2)^ai 

It is then reasonable that a model of the type Eq. l(T7|l could arise from a sugra particle physics model. 
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